STUDY MATERIALS
SUBJECT: MTMH
PAPER-C2 UNIT-2

DR. SANGITA CHAKRABORTY
ASSOCIATE PROFESSOR
DEPT. OF MATHEMATICS
KHARAGPUR COLLEGE

LECTURE #3
18/01/2021



1. Theorem: If a,b € Z, not both zero, and k € Z* then gcd(ka,kb) = k.gcd(a,b).

Proof - Let d = gcd(a,b). Then3uw,vE€Z st. d=a.u+b.v; d|a and d|b.
Nowd|la = k.d|k.a and d|b = k.d|k.b .
= k.d is a common divisor of k.a and k.b .
Let ¢ be any other common divisor of k.a and k.b .
» clk.a =>k.a=m.c and clk.b = k.b=n.c; m, n€ Z.
Now k.d =k.(a.u+b.v) =m.ccu+n.c.v=mu+nv).c
= clk.d.
Consequently, k.d = gcd(ka, kb).i.e., gcd(ka,kb) = k.gcd(a,b).

3. Theorem: If a, b € Z , not both zero, then gcd(a,b) = 1 if and only if 3 u,v € Z
st. 1=au+bv.

Proof — Let gcd(a,b) =1.Then3 w,vE€Z st 1=au+b.v .
Conversely, let 3 u,v €Z st. 1 =a.u+ b.v andletd = gcd(a, b).
Since d|a and d|b then d|(a.x+ b.y); Vx,y EZ.
=d|l =d=1, since de Z*.
= gcd(a,b) = 1.

4. Theorem: If d = gcd(a, b) ,then gcd (3,3) =1.

Proof — Let d = gcd(a,b) . Then d|a and d|b .

dla= I meZ st a=m.d;dlb= I neZ st. b=n.d.
Now E=m, 2=n; so £ and b are integers.

d d d d
Since d = gcd(a,b) then3l u,v€Z st. d=a.u+b.v.

=>1=(§).u+(§).v. = gcd(g,g)=1.

5. Theorem: If alb.c and gcd(a,b) =1, then ajc.

Proof — alb.c= 3 k€Z st b.c=k.a
gcd(a,b) =1 = I3 wveEZ st 1=au+b.v.
=Sc=auc+bv.c =>c=auc+kav=_wc+v.k)a.
= alc . [Since u.c+v.k €Z]

6. Theorem: If a|c and b|c with gcd(a,b) =1, then a.b|c.

Proof - alc= Ime€Z st. c=m.a; blc= In€Z st c=n.b
gcd(a,b) =1 = I wveEZ st. 1l=au+b.v =c=auc+b.v.c
=c=aunb+bv.ma=ab.(un+v.m)
= a.b|c . [Since u.n+v.m €Z]



7. Theorem: If gcd(a,b) =1 and gcd(a,c) =1 then gcd(a, b.c) =1.

Proof - gcd(a,b) =1 = I w,ve€Z st. 1=au+b.v ..... (1)
gcd(a,c)=1 = A p,q€Z st. 1l=ap+c.q ... (i)
From (i) & (ii) we get: b.v=1—a.u ... (iii)
and cqgq=1—-a.p ...(iv)
Multiplying (iii) & (iv) we get, b.c.(v.q) =1—a.p—a.u+a?u.p
=a(u+p—aup)+b.c(v.q) =1
= gcd(a, b.c)=1. [Since (u+p—a.u.p), v.q €EZ]

EUCLIDEAN ALGORITHM :

Euclidean algorithm is an efficient method of finding the gcd of two given integers by repeated
application of the division algorithm.

Procedure — Let a, b be two integers. Without loss of generality, let us assume a > b > 0,
since gcd(a, b) = ged(|al, |b]).
Applying the division algorithm successively, we obtain the following relations :

a=b.q +1r; 0<nr, <b, [q =quotient, r; = remainder # 0, when a is divided by b]
b=r.q,+1r,; 0<r,<r, [q; = quotient, r, = remainder # 0, when b is divided by r; ]
rn=r,.q3+1r;3; 0<r3 <1y, [q3 = quotient, r; = remainder # 0, when 1y is divided by ;]
This process continues until some zero remainder appears.
Tpep =Tpo1-Qn + 1, 5 0 <1, <1_1, [qn = quotient, 1, = remainder # 0, when 1;,_, is
divided by 7;,_1 ; let us assume that 7;, is the last non-zero remainder]
Tno1 =ToQue1 +0 5 0 <1, <11, [qne1 = quotient, 1,., = 0, when r,,_4 is divided by 1,].

We assert that r,, = gcd(a, b).
First of all we prove the Lemma: If a = b.q + r,then gcd(a,b) = gcd(b,r).

Proof: Let d = gcd(a,b) = dla,d|b = d|(a—b.q) = d|r.
= d is a common divisor of b and r .
Let ¢ be any other common divisor of b and r = c¢|(b.q + 1) = cla.
= c is a common divisor of a and b = c|d , since d = gcd(a, b).

= d = gcd(b,1), since d is a common divisor of b and r .
= gcd(a,b) = ged(b, 7).

We utilize the lemma to show that 7, = gcd(a, b).
T, = gcd(0,7,) = ged(ry-1, 1) = 8ed (12, 1) = ged (T3, T —2) =+
= gcd(ry, 13) = ged(ry, 1) = ged(b, ry) = ged(a, b).
Also 1, can be expressed as a linear combination of a and b.

Because we have 1, = 1,5 — 1 _1.qn = T2 — (T3 — The2-Qn_1)-qn -
=14 gn_1-9n)-Tm—2 + (—qp). Ty _3 . [linear combination of 7,,_, , 7,_3]

Proceeding backwards we can express 1;, as a linear combination of a and b.



Exercise: 9. Use Euclidean algorithm to find integers u and v such that
(i) gcd(72,120) = 72u+120v (i) gcd(13,80) =13u+80v.
Solution: (i) Let us find the gcd(72,120). By Euclidean algorithm,
120 =72.1+448, 72 =481+ 24, 48=2424+0;
~ gcd(72,120) = 24 (The last non-zero remainder).
Now 24 =72—-481=72—-(120—-72).1 =722+ 120.(-1).
=72u+ 120v, where u=2,v=-1.
Solution: (ii) Let us find the gcd(13,80). By Euclidean algorithm,
80=136+2,13=26+1, 2=12+4+0;
~ gcd(13,80) = 1 (The last non-zero remainder).
Now 1=13-2.6 =13 - (80 —13.6).6 = 13.37 + 80.(—6).
= 13u + 80v, where u=37,v=—6.
Exercise: 10. Find integers u and v satisfying
(1) 20u+63v=1, (i) 30u+72v=12, (i) 52u—91v =78.
Solution: (i) Let us find the gcd(20, 63). By Euclidean algorithm,
63=203+3,20=36+2,3=21+1,2=12+0.;
. gcd(20,63) = 1 (The last non-zero remainder).
Now 1=3-21=3-(20-3.6).1=3.7+20.(-1)
= (63 —20.3).7 + 20.(—1) = 63.7 + 20.(—22).
= 20u + 63v, where u=-22,v=7.
Solution: (ii) Do yourself.
Solution: (iii) Let us find the gcd(52,91). By Euclidean algorithm,
91 =521+39, 52=39.1+13, 39=133+0.
~ gcd(52,91) = 13 (The last non-zero remainder).
Now 13 =52-39.1=52-(91-52.1) =522-91.1
= 13.6=52.2.6-91.1.6
= 78 =5212-91.6 =52u—91v, where u=12,v=6.



Exercises: 3A (S.K.Mapa)

2. Prove that (i) the square of any integer is of the form 5k or 5k + 1.
(i1) the square of any integer is of the form 3k or 3k + 1.
(iii) the cube of any integer is of the form 9k or9k + 1.

Solution: (i) By Division algorithm every integer n, upon division by 5, can be of the forms:

n=5q+r,where 0<r<5; q€Z.
So that n is one of the forms: 5q, 5¢ +1, 5q + 2, 5q + 3, 5q + 4.
If n =5q then n? = (5¢)% = 5.(5¢%) = 5k, where k = 5¢2.
If n=5¢q+1 then n? = (5q+1)? =5.(5¢% +2q) + 1

=5k + 1, where k = 5¢% + 2q.
If n=5g+2 then n? =(5q+2)2=5.(5¢*+4q+1)—-1

= 5k —1,where k =5q% + 4q + 1.
If n=5q+3 then n? = (5¢ +3)2=5.(5¢°+6q+2)—1

= 5k — 1, where k = 5% + 6q + 2.
If n=5q+4 then n? = (5¢+4)2=5.(5¢*+8g+3)+1

=5k + 1, where k = 5¢% + 8q + 3.
=~ The square of any integer is of the form 5k or 5k + 1.

Solution: (ii)) Do yourself.

Solution:(iii) By Division algorithm every integer n, upon division by 3, can be of the forms:

n=3q+r,where 0<r<3; q€Z.

So that n is one of the forms: 3q, 3¢+ 1, 3q + 2.

If n =3q then n3 = (3¢)% =9.(3¢3) = 9%k, where k = 3¢3.

If n=3g+1 then n3=Bq+1)3=9.3¢3+3¢*°+q) +1
=9k + 1, where k = 3¢3 + 3¢% + q.

If n=3q+2 then n®=3q+2)23=9.3¢3+6¢*+4q+1)—1
=9k — 1, where k = 3¢3 + 6¢% + 4q + 1.

=~ The cube of any integer is of the form 9k or9k + 1.

8. (1) Ifaisprimeto b and c is a divisor of a, prove that c is prime to b.

Solution: (i) gcd(a,b) =1= Iu,vE€Z s.t. au+b.v=1
cla = IAmMEZ s.t.a=m.c.
So aau+hbv=1 = mcu+bv=1 = c.(mu)+b.v=1.
= gcd(c,b) =1,since (m.u), v €Z.
. cisprimetob .



